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@ Structural equivalence
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Why should we care 7

Question J

How to minimize a smooth function f 7 (N/f is not available).
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Why should we care 7

How to minimize a smooth function f 7 (N/f is not available).

Question J

Through direct search:
o Inputs: x e R", M ={cy,...,c} CR".
e Compare f(x) to each f(x + ac;).
o If f(x) is the smallest, decrease «.

@ Otherwise, x < xp + ac;.
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Why should we care 7

How to minimize a smooth function f 7 (N/f is not available).

Question J

Through direct search:
@ Inputs: x e R", M ={q,...,c} CR".
e Compare f(x) to each f(x + ac;).
o If f(x) is the smallest, decrease «.
@ Otherwise, x < xp + ac;.

If the elements of M are 'well spread’ in R”, the algorithm converges.
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Positive spanning sets and positive bases

Definition

A PSS is a set of vectors well spread in R”.
A positive basis is minimal for this property.
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Positive spanning sets and positive bases

Definition
A PSS is a set of vectors well spread in R”.
A positive basis is minimal for this property.

Examples in R?

~
A
~

~

One of these is not a PSS...
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Positive spanning sets and positive bases

Definition
A PSS is a matrix M such that y "M < 0T implies y = 0.
A positive basis is minimal for this property.

Examples in R?

A"
~
A

~

W

No close neighbor for the dashed vector.
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Positive spanning sets and positive bases

Definition

A PSS is a matrix M such that y "M < 0T implies y = 0.
A positive basis is minimal for this property.

Examples in R?

~
A
~

e

W

Which is not a positive basis 7
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Positive spanning sets and positive bases

Definition

A PSS is a matrix M such that yT M < 0T implies y = 0.
A positive basis is minimal for this property.

Examples in R?

/

“-4

~
A
~

~

The dashed vector can be removed.
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Structural equivalence

Quiz
Examples in R?
A
@
C c 2
3 - 3
C3
\ Vi \ y) \
(4 N 4 \ (4
a] (&)} (a] C1
Ca Ca Cy
~

Which set is ‘equivalent’ to the red ?

We're looking for transformations that leave the 'positively spanning’
property invariant.
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Structural equivalence
Quiz
Examples in R?

C3
(&}

AN
~

(4]

Cy

Reorder the elements.

Definition (Structural equivalence =)
M is structurally equivalent to N if M = NP where Pis a
permutation matrix,
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Structural equivalence
Quiz

Examples in R?

(&} C3
Co (6]
Vi \ Vi \
N (4 N 4
c (4]
(o} (o}

Rescale them.

Definition (Structural equivalence =)

M is structurally equivalent to N if M = NPD where P is a
permutation matrix, D is diagonal with positive entries
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Structural equivalence
Quiz

Examples in R?

AN
C3 G C3
(6] (&)
Vi \ Vi \
N (4 N
(&} (&} (&} 1
Cy

r
l/4 Ca
Definition (Structural equivalence =)

Change bases.
M is structurally equivalent to N if M = BNPD where P is a
permutation matrix, D is diagonal with positive entries and B is invertible.)

A
~
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An algebraic approach

Remark

M PSS = N PSS.

o IfM=N: {M positive basis <= N positive basis.
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An algebraic approach

Remark

o FM=N: { M PSS = N PSS.

M positive basis <= N positive basis.
e M positive basis — n+1<|M|<2n.
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An algebraic approach

Remark
. M PSS — N PSS.
IS e {M positive basis <= N positive basis.
e M positive basis — n+1<|M|<2n.
—1
° [I,, —1,,] and [I,, —I,,] are positive bases, where —1,, = .
—1
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An algebraic approach

Remark
A M PSS = N PSS.
O Wi =ik {M positive basis <= N positive basis.
e M positive basis — n+1<|M|<2n.
-1
° [I,, —1,,] and [In —I,,] are positive bases, where —1,, = .
-1

@ PSSs span R" with positive combinations. obviously...
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Characterizing positive bases

Proposition
M positive basis and (M| =n+1 = M=[I, —1,].
M positive basis and |[M| = 2n = M=|I, —-I,]
Application
1 00 -1 x
In R3, any non-minimal PSS of size 5 satisfies M= [0 1 0 —1 x
0 01 -1 x
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What about bases of

intermediary size ?
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I'll just go bother
some graph
theorists |

itive spanning sets thr graphs




© Characterizing PSSs
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Nec matrices

Definition (Negative echelon column matrix)

N € R" ¢ is a nec matrix if there exists a sequence

20=1<2z1 <2z <--- < zs_1 < n of integers satisfying
Q Forall je[1,s—1], forall i € [z;,n], N;j =0.

@ Forall je[1,s—1], forall i€ [z_1,z; —1], N;; <O0.
© N;s <0, foralli>z_y.

Did you
understand the

Wait, he

definition he just
gave ?

expected us to
actually read it ?
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Nec matrices

Definition (Negative echelon column matrix)
N € R" ¢ is a nec matrix if
@ Each column ends with zeros. Gt i (et
@ Each has less zeros than its predecessor.
© Each has a block of —1 above the zeros. the first column starts with it.

@ The other values are arbitrary.

Example
—box x —-1 x X X ] [—1 X X ]
0 -1 x
-1 X X X -1 X X
0 -1 x
0 -1 x 0 -1 x X 0 -1 x
0 -1 x ’ 0 -1 x X ’ 0 0 -1
0 0 —1 0 0 -1 x 0 0 -1
| o = | 0 0 0 —1j | 0 0 —1]
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Nec and PSS

Theorem
M= 1[I, N X] (with N nec) == M PSS

Proof.
Simply note that —1,, € cone(M) ! O
Example
boxox -1 x x x] [—1 x x
0 -1 x
-1 X X X -1 X X
0 -1 X
0 -1 x 0 -1 x X 0 -1 x
0 -1 x ’ 0 -1 x x ’ 0 0 -1
0 0 -1 0 0 -1 x 0 0 -1
R 0 -1 | 0 0 0 —1] | 0 0 —1]
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Strong edge-connection

Definition (Strongly connected)

A digraph G is strongly connected if for each two vertices u and v, an
oriented path joins u to v.

> ® <
Not strongly connected: no path from to

Positive spanning sets through graphs June 2024 11/27



Strong edge-connection

Definition (Strongly connected)

A digraph G is strongly connected if for each two vertices u and v, an
oriented path joins u to v.

D9
P S

A strongly connected digraph G.
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Ears

An ear is a directed path with no vertices in G, except the extremities.

Definition (Ear) J
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Ears

An ear is a directed path with no vertices in G, except the extremities.

Definition (Ear) J
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Ears

An ear is a directed path with no vertices in G, except the extremities.

Definition (Ear) J

X
PP

Positive spanning sets through graphs June 2024 12 /27



Ears

An ear is a directed path with no vertices in G, except the extremities.

S
‘%
Vel %\\

e

Definition (Ear) J

Three ears of the black digraph G.
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Ears

An ear is a directed path with no vertices in G, except the extremities.

Definition (Ear) J

D9
P S

Not ears !
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Ear-decomposition

Characterization
G strongly connected <= G can be built from a sequence of ears. J

An ear-decomposition of the boat G.
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Ear-decomposition

Characterization
G strongly connected <= G can be built from a sequence of ears. J

An ear-decomposition of the boat G.
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Ear-decomposition

Characterization
G strongly connected <= G can be built from a sequence of ears. J

An ear-decomposition of the boat G.
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Ear-decomposition

Characterization
G strongly connected <= G can be built from a sequence of ears. J

An ear-decomposition of the boat G.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

Draw your favourite connected digraph G.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

Choose a spanning tree. That's your basis.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

\\4
1
3 2 . 100 -1 0
G= o— o M=1[010 -1 1
> -7 001 0 -1

The nt" column is the nt" arc expressed in the basis.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

\\ 4
1
3 2 . 100 -1 0
GZ.F\ ——e M=1{010 -1 1
001 0 -1
5
arcs: —1—-2=14 columns: —ci—c = ¢4
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

All network matrices are equivalent.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

G is strongly connected =— M is a PSS.
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Network matrices

PSSs arise from strongly connected digraphs through network matrices.

G is not strongly connected — M is not a PSS.
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Nec matrices

Definition (Negative echelon column matrix)
N € R" ¢ is a nec matrix if
@ Each column ends with zeros. Gt i (et
@ Each has less zeros than its predecessor.
© Each has a block of —1 above the zeros. the first column starts with it.

@ The other values are arbitrary.

Example
—box x —-1 x X X ] [—1 X X ]
0 -1 x
-1 X X X -1 X X
0 -1 x
0 -1 x 0 -1 x X 0 -1 x
0 -1 x ’ 0 -1 x X ’ 0 0 -1
0 0 —1 0 0 -1 x 0 0 -1
| o = | 0 0 0 —1j | 0 0 —1]
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Strongly connected <= PSS 7

G strongly connected <= G associated to [In N X].
Let’s prove it.
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Strongly connected <= PSS 7

G cycle = network matrix [I, —1,].

1 0 -1
01 -1
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Strongly connected <= PSS 7

Add an ear. What happens 7

\\ A
2 T
3 1
N
*— ¢ —e
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Strongly connected <= PSS 7

The previous matrix is contained in the new one...

\\A
2 100 —1 1
3 Ly 010 -1 0
&——¢——* 001 0 -1
B
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Strongly connected <= PSS 7

...with zeros ending its columns.

\\A
2 100 —1 1
3 Ly 010 -1 0
&——¢——* 001 0 -1
B
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Strongly connected <= PSS 7

The new column ends with -1.

q\
\\\ A
2 -1 1
1 1 0
{
*— e I3 0 1
B
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Strongly connected <= PSS 7

Add another ear.

A
2 I
5 4 AN
AY
3 1
\ V) —l/.
» N ’ N
6 C \\\\‘___””/
B
Positive spanning sets through graphs June 2024

16 /27



Strongly connected <= PSS 7

Same phenomenon ! nec matrix !

A -1 1 0

5 4 2 N -1 0 0
s | 0o
6 <’C s /,/ 0 0 -1
a7 | 0 0 -—1]
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Strongly connected <= PSS 7

Non-ears break the pattern.

: . 1 1 0

o > A 1 0 0

5 4 . 0 -1 0
&4 3 N 0 0 -1

:l

‘ N —® ¢ Wt 17 0 0 -1
6 ®c 0 0 -1
8 I 0 0 0]
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Strongly connected <= PSS 7

Non-ears break the pattern.

Positive spanning sets through graphs

O O O O o

1 0
0 0
-1 0
0 -1
0 -1
0 -1
0 0
June 2024
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Strongly connected <= PSS 7

Trivial ears add useless columns.

~1 0
~1 0
~1 0

(6]
A
A B
AP~
/ N
, N
N
Yw -
N
N
N
A
N 7
\ 7/
\bli
—
(@))
O OO O
OOO'
—
(an]
|
—
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Graphs and PSSs

Theorem
Graph strongly connected <= its network matrices are P5Ss !

Remark

Characterizations of strongly connected digraphs can be restated in the
language of linear algebra !
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Restating properties

Characterization
G strongly connected <= a network matrix is [I N X] (N nec).

G not strongly connected <= it is [é_ I(\JI )j] (A non-negative).
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Restating properties

Characterization

G strongly connected <= a network matrix is [I N X] (N nec).

.. I N X
G not strongly connected <= it is

0 0 A} (A non-negative).

G is strongly connected.

Positive spanning sets through graphs June 2024

18 /27



Restating properties

Characterization

G strongly connected <= a network matrix is [I N X] (N nec).

.| T
G not strongly connected <= it is [

N X

0 0 A} (A non-negative).

5

T"\L/P
7

~
e
7/

()}

G is not strongly connected.

Positive spanning sets through graphs
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I 5—1 1550 0
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Positive spanning sets through graphs

Restating properties
Characterization
G strongly connected <= a network matrix is [I N X] (N nec).

G not strongly connected <= it is [é— I(\)I )/ﬂ (A non-negative).

The property can be generalized !

Characterization

M PSS — M=[I N X] (N nec).

M not PSS <+— M= [(')T I(;l )ﬁﬂ (A non-negative).

June 2024

18 /27



© Characterizing positive bases

Positive spanning sets through graphs



A very nice conjecture

Characterization
M PSS < it is equivalent to [I N X] (N nec).

M not PSS <= it is equivalent to [I N X

0 0 A] (A non-negative).

If I remove this X block,
| probably get a
characterization of
positive bases !
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...well, maybe not

10— 1
01 0 -1
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Nec matrices

Definition (Negative echelon column matrix)
N € R" ¢ is a nec matrix if
@ Each column ends with zeros. Gt i (et
@ Each has less zeros than its predecessor.
© Each has a block of —1 above the zeros. the first column starts with it.

@ The other values are arbitrary. Not for positive bases !

Example
—box x —-1 x X X ] [—1 X X ]
0 -1 x
-1 X X X -1 X X
0 -1 x
0 -1 x 0 -1 x X 0 -1 x
0 -1 x ’ 0 -1 x X ’ 0 0 -1
0 0 —1 0 0 -1 x 0 0 -1
| o = | 0 0 0 —1j | 0 0 —1]
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Creating a basis

...........

i -1 X X ><:'X2
-1 X X %5
0 —1:xX "X,
0 —1ix xu X3
0 -1 E X xi
110 0 0 -1 XX
0 0 0 -1
0 0 0 -1
0 0 0 -1
L 0 0 0 —1]

We see three "arbitrary’ blocks.

Positive spanning sets through graphs June 2024 22 /27



Creating a basis

...........

i -1 X X ><:'X2
-1 X X %5
0 —1:xX "X,
0 —1ix xu X3
0 -1 E X xi
110 0 0 -1 XX
0 0 0 -1
0 0 0 -1
0 0 0 -1
L 0 0 0 —1]

Let's list the restrictions on these blocks.
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Creating a basis

...........

i -1 X X ><:'X2
-1 X xX_ %]
0 —1.xX "X,
0 —1:x xiXs
0 —-1:@!x x!
I1o 0 0 15X
0 0 0 -1
0 0 0 -1
0 0 0 -1
L 0 0 0 -—-1]

@ Vectors in cone(X;) do not have one positive coordinate.
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Creating a basis

...........

i -1 X X ><:'X2
I TS S
0 —1i1Xx X,
0 —1:x xiXs
0 —-1:@!x x!
I10 0 0 15X
0 0 0 -1
0 0 0 -1
0 0 0 -1
| 0 0 0 -—1]

@ Vectors in cone(X;) do not have one positive coordinate.

e Vectors in cone(X;) are not negative.
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Creating a basis

i ~1 :'>2"'>2"'x'":'X2
=1 XL
0 —-1:X%x "X
0 -1 E X xEX3
0 —-1:@!x x!
IET) 0 0 -1 0
0 0 0 -1
0 0 0 -1
0 0 0 -1
i 0 0 0 -—1]

@ Vectors in cone(X;) do not have one positive coordinate.
e Vectors in cone(X;) are not negative.

= In X, each cross is a 0.
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Creating a basis

...........

i -1 X X ><'X2
I TS S
0 —1i1Xx X,
0 —1:x xiXs
0 —-1:@!x x!
I10 0 0 -1 0
0 0 0 -1
0 0 0 -1
0 0 0 -1
| 0 0 0 -—1]

e The max entry of x € cone(X;), when positive, is not unique.

e Vectors in cone(X;) are not negative.
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Creating a basis

|><
—IEX XIX3
' X

O O O O O O o o

@ The max entry of x € cone(X;), when positive, is not unique.
@ Vectors in cone(X;) are not negative.

—> Columns of X; are positive multiples of a same y € {1, —e1, —e2}.
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Creating a basis

i -1 3 9 27
-1 3 9 2
0 -1 0 0
0 -1 -3 5
0 -1 -3 5

T10 0 0 -1 0

0 0 0 -1
0 0 0 -1
0 0 0 -1

L 0 0 0 -—-1]

@ The max entry of x € cone(X;), when positive, is not unique.
e Vectors in cone(X;) are not negative.

There are no other restrictions !
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Characterizing bases

Definition (Critical set)

K(R") is the set of vectors v satisfying condition 1 or 2.
o VSO,, & E|I',V,':0.

Q Ji,j,vi=v; =maxy, > 0.
k<n
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Characterizing bases

Definition (Critical set)

K(R") is the set of vectors v satisfying condition 1 or 2.
o VSO,, & E|I',V,':0.

Q Ji,j,vi=v; =maxy, > 0.
k<n

Theorem
- E'_-i ------ E -
L Xy !
ot S ;
In E-—-l- T "E is a basis <= Vi, cone(Xy;) C K(R").
0 L an :
=il
r==1
L 0 1o v A recursive
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Near-maximal bases

Proposition

—1

M| =2n—-1 <<= M= In -1

0

xT |, xeR2 x< 0,—2.

0 —In_2
Example
-1 0 O
Basis of size 7 in R* <= equivalent to I4 _01 _Xl g , {; E 8-
0 0 -1

Positive spanning sets through graphs
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Near-minimal bases

Proposition

— k
IM[=n+2 < M=|T Lk X ] {ISk<n,xeR_

n Opk —1lp« x<0,5a=0
Example
-1 0
Basis of size 5 in R3 «— equivalent to I3 -1 x|,x<0.
0 -1
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Conclusion

In a nutshell

@ Digraphs are pretty cool.
@ The notion of PSS generalizes that of strongly connected digraph.

@ Knowing so allows to find new properties of PSSs. )

Perspectives
@ Characterizing blocks with even more rows.

e Characterizing blocks with few columns.

o Characterizing PkSSs in a similar fashion. )

Positive spanning sets through graphs June 2024 26 /27



Positive spanning sets thro graphs



	Structural equivalence
	Characterizing PSSs
	Characterizing positive bases

